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Abstract: Spherically symmetric thin shell in the presence of a cosmological constant are
constructed, applying the Darmois-Israel formalism. An equation governing the behavior of the
radial pressure across the junction surface is deduced. The cosmological constant term slows
down the collapse of matter. The spherical N-shell model with an appropriate initial condition
imitates the FRW universe with Λ  = 0 , quite well.
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1. Introduction
The possible existence of a cosmological constant is one of the most important challenges
in high energy physics today [1]. However, a surprising recent result coming from the
analysis of high redshift supernovae, indicating that the universe may be accelerating
now [2]. This suggests that there is in fact a cosmological constant, that dominates the
content of energy of the universe today. The cosmological implication of the existence
of a cosmological constant today are enormous, concerning not only the evolution of the
universe but also the structure formation and age problems. The gravitational collapse is
one example of these extreme physical conditions where black holes seem to be formed.
The general relativistic treatment of an inﬁnitely thin shell has been given by Israel
[3]. The motion of a shell is described as a timelike hypersurface between two diﬀerent
given space- times. This metric junction method was generalized to include a non vacuum
metric. The compact stellar objects such as white dwarf and neutron star are formed by
a period of gravitational collapse. It is interesting to consider the appropriate geometry
of interior and exterior regions and determine proper junction conditions which allow the
∗ aeid06@yahoo.com116 Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122
matching of these regions. Most of the problems related to gravitational collapse have
been discussed by considering spherically symmetric system. The gravitational collapse
of dust was ﬁrst shown by Oppenheimer and Snyder [4], the evolution of bubbles and
domain walls in cosmological settings [5], and shells around black hole solutions [6].
An interesting application to the motion of dust shell with a cosmological constant
was done in [7, 8]. The eﬀect of a positive cosmological constant on spherically symmetric
collapse with perfect ﬂuid has been studied in [9].
The goal of this work is to extend the study of the gravitational collapse in the presence
of a cosmological constant. This paper is organized as follows. In Section 2 the Darmois-
Israel thin shell formalism is brieﬂy reviewed. Match an interior Schwarzschild de-Sitter
solution to an exterior Schwarzschild de-Sitter solution and the expression governing the
behavior of the radial pressure across the junction boundary are given in Section 3. The
equations of motion of thin shell and the general form of this equations in N-shell are
deduced in Section 4. Finally, some concluding remarks are made in Section 5. Also
adopt the units such that c = G =1 .
2. The Darmois – Israel Formalism
Consider two distinct spacetime manifolds M+ and M− with metrics given by g+
μν(x
μ
+)
and Sij ¯ Kij =
 
−Tμνnμnν − Λ
8π
 +
−, in terms of independently deﬁned coordinate systems
x
μ
±. The manifolds are bounded by hypersurfaces Σ+ and Σ−, respectively, with induced
metrics g
±
ij. The hypersurfaces are isometric, i.e. g
+
ij(ξ)=g
−
ij(ξ)=gij(ξ), in terms of the
intrinsic coordinates, invariant under the isometry. A single manifold M is obtained by
gluing together M+ and M− at their boundaries, i.e. M = M+ ∪ M−, with the natural
identiﬁcation of the boundaries Σ = Σ+ =Σ −. The basic vectors eμ = ∂
∂ξa tangent to
Σ have the components e
μ
a± =
∂x
μ
±
∂ξa , with respect to the two four dimensional coordinate
systems in M±. The second fundamental forms (extrinsic curvature) associated with the
two sides of the shell are:
K
±
ij = −n
±
γ (
∂2xγ
∂ξi∂ξj +Γ
γ
αβ
∂xα
∂ξi
∂xβ
∂ξj )
. . .Σ (1)
where n±
γ are the unit normal 4-vector to Σ in M, with nμnμ = 1 and nμe
μ
i = 0. The
Israel formalism requires that the normal point from M−to M+. For the case of a thin
shell Kij is not continuous across Σ, so that, the discontinuity in the second fundamental
form is deﬁned as [Kij]=K
+
ij − K
−
ij. The Einstein equation determines the relations
between the extrinsic curvature and the three dimensional intrinsic energy momentum
tensor are given by The Lanczos equations,
Sij =
−1
8π
([Kij] − [K]gij) (2)
where [K] is the trace of [Kij] and Sij is the surface stress-energy tensor on Σ. The ﬁrst
contracted Gauss- Kodazzi equation or the “Hamiltonian” constraint
Gμνn
μn
ν =
1
2
(K
2 − KijK
ij −
3R), (3)Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122 117
with the Einstein equations provide the evolution identity
S
ij ¯ Kij =
 
−Tμνn
μn
ν −
Λ
8π
 +
−
. (4)
The convention, [X]=X+ −X−, and ¯ X = 1
2(X+ +X−), is used. The second contracted
Gauss- Kodazzi equation or the “ADM” constraint,
Gμνe
μ
i n
ν = K
j
i;j − K,i (5)
With the Lanczos equations gives the conservation identity
S
i
j;i =[ Tμνe
μ
i n
ν]
+
− . (6)
The surface stress-energy tensor may be written in terms of the surface energy density
σ, and surface pressure p: Si
j = diag · (−σ,p,p).
For spherically symmetric thin shell, the Lanczos equations reduce to
σ =
−1
4π
 
K
θ
θ
 
(7)
p =
1
8π
 
[K
τ
τ]+
 
K
θ
θ
  
. (8)
If the surface stress-energy terms are zero, the junction is denoted as a boundary surface.
If surface stress terms are present, the junction is called a thin shell.
3. Generic Dynamic Spherically Symmetric Thin Shell
The matching of two Schwarzschild de-Sitter space-times of M±, given by the following
line elements:
ds
2
± = −F(r)dt
2 + F
−1(r)dr
2 + r
2(dθ
2 + sin
2 θdφ
2) (9)
with
F± =1−
2m±
R
−
1
3
Λ±R
2 (10)
where m± and Λ±are the gravitational mass and the cosmological constant outside and
inside the shell. The suﬃx ‘+’ denotes a quantity evaluated just outside the shell and
‘-‘ just inside the shell. Let r be the area radius, i.e. the radial coordinate such that
A =4 πr2is the area of the spheres of symmetry at constant r. The area radius is
continuous across Σ, which is not true for the time coordinates. Let τ be the proper time
parameter along the lines element of constant angular coordinates in Σ. Let the equation
of the shell be r± = R±(τ), the history of the shell is described by the hypersurface
xα
± = xα
±(τ,θ,φ), in the regions M±, respectively; the function R(τ)describes the time
evolution of the shell.
Using the Einstein ﬁeld equation in an orthogonal reference frame, the stress-energy
tensor components are given by
ρ(R)=
−1
8π
 
−
1
R2 +
F
R2 +
F  
R
 +
−
(11)118 Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122
Pr(R)=
1
8π
 
1
R2 −
F
R2 −
F  
R
 +
−
(12)
Pt(R)=
1
8π
 
−
F   
2
−
F  
R
 +
−
(13)
where ρ(R)is the energy density, Pr(R)is the radial pressure, and Pt(R)is the lateral
pressure measured in the orthogonal direction to the radial direction; the prim denotes a
derivative with respect to R. The four velocity is given by
U
μ
± =( F
−1
±
 
F± + ˙ R2, ˙ R,0,0) (14)
where the overdot denotes a derivative with respect to τ. The unit normal to the junction
surface is
n
μ
± =(˙ RF
−1
± ,
 
F± + ˙ R2,0,0). (15)
Using equation (1), the non-trivial components of the extrinsic curvature are given by:
K
θ±
θ = K
φ±
φ =
1
R
 
F± + ˙ R2 (16)
K
τ±
τ =
1
 
F± + ˙ R2
(
m±
R2 −
1
3
Λ±R + ¨ R) (17)
Therefore, the Lanczos equations (7)-(8), with the extrinsic curvature equations (16)-(17),
are given by
σ =
−1
4πR
  
F + ˙ R2
 +
−
(18)
p =
1
8πR
 
1 − m
R − 2
3ΛR2 + ˙ R2 + R ¨ R
 
F + ˙ R2
 +
−
(19)
Taking into account the transparency condition, [GμνUμnν]
+
− = 0, the conservation iden-
tity, equation (6), provides the simple relationship:
˙ σ =
−2 ˙ R
R
(σ + P) (20)
where the ﬁrst term represents the variation of the internal energy of the shell, and the
second term is the work done by the shell’s internal force.
In general case, the conservation identity provides the following relationship:
σ
  =
−2
R
(σ +P )+H (21)
where H is the momentum ﬂux given by
H =
1
4πR2
  
F + ˙ R2
 +
−
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This ﬂux term vanishes in the particular case of P = −ρ. Taking into account these
relationship
σ + p =
1
8πR
 
−1+3m
R − ˙ R2 + R ¨ R
 
F + ˙ R2
 +
−
, (23)
˙ σ =
− ˙ R
4πR2
 
−1+3m
R − ˙ R2 + R ¨ R
 
F + ˙ R2
 +
−
, (24)
σ
  =
1
4πR2
 
1 − 3m
R + ˙ R2 − R ¨ R
 
F + ˙ R2
 +
−
. (25)
For the static solution R0, with ˙ R = ¨ R = 0, equation (25), reduced to
σ
 (R0)=
1
4πR2
0
 
1 − 3m
R0  
F(R0)
 +
−
. (26)
Using the surface mass of the shell, M =4 πR2σ, and taking into account the radial
derivative of σ , equation (21) can be rearranged to provide the following relationship
 
M
2R
 ?
=
4π
R
(σ +P )+2 πRH
  − 4πσ
 η (27)
with the parameter η deﬁned as η = P 
σ .
One may obtain an equation governing the behavior of the radial pressure in terms
of the surface stresses at the junction boundary from the following identity:
[Tμνn
μn
ν]=
1
2
(K
i+
j + K
i−
j )S
i
j. (28)
The tension acting on the shell is, by deﬁnition, the normal component of the stress-
energy tensor, −Ξ=Tμνnμnν ≡ Pr(R), then the pressure balance equation is
−Ξ
+ +Ξ
− = −
σ
2
⎛
⎝
m+
R2 − 1
3Λ+R + ¨ R
 
F+ + ˙ R2
+
m−
R2 − 1
3Λ−R + ¨ R
 
F− + ˙ R2
⎞
⎠ +
P
R
N (29)
where , N =
  
F+ + ˙ R2 +
 
F− + ˙ R2
 
.
This equation relates the diﬀerence of the radial tension across the shell in terms of
a combination of the surface stresses, σand P, given by equations (18)-(19), respectively,
and the geometrical quantities. For the exterior vacuum solution Ξ+=0. For the case
of a null surface energy density σ = 0, and considering that the interior and exterior
cosmological constants are equal Λ− =Λ +, equation (29) reduces to
Ξ
−(R)=
2P
R
 
1 −
2m±
R
−
1
3
ΛR2. (30)
For a radial tension Ξ−(R)   0, acting on the shell from the interior, a tangential surface
pressure, P   0, is needed to hold the thin shell form collapsing. For a radial interior
pressure Ξ−(R) ≺ 0, then a tangential surface tension, P ≺ 0, is needed to hold the
structure form expansion.120 Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122
4. The Motion of Dust Shell
Rearranging equation (18) into the form
4πσR =
 
F− + ˙ R2 −
 
F+ + ˙ R2 ≡
M
R
(31)
where M =4 πσR2is the rest mass of the shell. Equation (31) can be written in the form
˙ R
2 = −1+
M2
4R2 +
 
m+ − m−
M
 2
+
 
m− + m+
R
 
+
R2
4M2Γ (32)
where
Γ=
R4
9
(Λ+ − Λ−)
2 +
2
3
M
2(Λ+ +Λ −)+
4R2
3
 
m+ − m−
R
 
(Λ+ − Λ−)
From equation (31), the total gravitational mass of the shell is
m ≡ m+ − m− =
R3
6
(Λ− − Λ+) −
M2
2R
+ M
 
1 −
2m−
R
−
1
3
Λ−R2 + ˙ R2
If the discontinuity of Λacross the thin shell , [Λ] = 0, then
˙ R
2 = −1+
M2
4R2 +
 
m+ − m−
M
 2
+
 
m− + m+
R
 
+
ΛR2
3
(33)
It represents the energy equation of the shell, and can be called the expansion law of the
dust shell.
Generalize this equation of motion for a sequence of shells, by deﬁning a number
of spherically symmetric shells with a common center at R = 0. The innermost shell
is called the ﬁrst shell, the next one is called the second shell, and so on. The region
enclosed by the (i +1 ) th shell and ith shell is called the ith region. The general form of
the energy equation for ith shell is
˙ R
2
i = −1+
M2
i
4R2
i
+ E
2
i +
2¯ mi
Ri
+
ΛR2
i
3
(34)
where
Ei =
mi+1 − mi
Mi
,
¯ mi =
1
2
(mi+1 + mi),
Mi =4 πσiR
2
i.
For Λ = 0, equation (34), reduced to the energy equation of N-shell in the Schwarzschild
space-time. Therefore, the thin shell’s equation of motion will be written in the form
˙ R
2
i + V (R) = 0 (35)Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122 121
where
V (R)=1−
M2
i
4R2
i
− E
2
i −
2¯ mi
Ri
−
ΛR2
i
3
(36)
is an eﬀective potential that determines the motion of the shells. From (34) the expansion
law of the dust shells can be written as
 
˙ Ri
Ri
 2
=
M2
i
4R4
i
+
E2
i − 1
R2
i
+
2¯ mi
R3
i
+
Λ
3
(37)
To compare this equation with the Friedmann equation in the Friedmann universe, let
yibe the initial circumferential radius of the ithshell, and the diﬀerence between these
shells is deﬁned by the interval Δyi. Let the radius of the ithshell be
Ri = yiai(τ), (38)
where a(τ)is a dimensionless scale (expansion) factor depending on the time τ, called the
radius of the universe. Inserting (38) into (37) to get
 
˙ ai
ai
 2
=
E2
i − 1
y2
ia2
i
+
2¯ mi
y3
ia3
i
+
M2
i
4y4
ia4
i
+
Λ
3
(39)
Deﬁne the density ρiof the ithshell by
4π
3
ρi =
¯ mi
y3
ia3
i
and the curvature kiby
ki =
1
y2
i
(1 − E
2
i )
Therefore, equation (39) will be
˙ a
2
i = −ki +
8π
3
ρia
2
i +
M2
i
4y4
ia2
i
+
Λa2
i
3
(40)
This represents the motion of the ithshell in the Friedmann universe with Λ  = 0, where
the ﬁrst term corresponds to the curvature, the second term behaves like a non-relativistic
matter term in the Friedmann universe, and the third term behaves like a radiation source,
and the last term corresponds to the eﬀect of cosmological constant. For great a , the
third term is neglected and the expansion law is equivalent to the Friedmann equation
with Λ  =0 ,
˙ a
2
i = −ki +
8π
3
ρia
2
i +
Λa2
i
3
(41)
Therefore, the spherical N-shell model with an appropriate initial condition imitates the
Friedmann- Robertson-Walker (FRW) universe with Λ  = 0, quite well.122 Electronic Journal of Theoretical Physics 5, No. 19 (2008) 115–122
Conclusion
By using the Darmois-Israel formalism technique, thin shell in the presence of a cosmo-
logical constant is constructed. General solution by matching an interior Schwarzschild
de-Sitter space-time to a Schwarzschild de-Sitter space-time exterior solution at a junction
surface was constructed.
An equation governing the behavior of the radial pressure across the shell was de-
termined. The pressure term creates a bound for the cosmological constant to act as a
repulsive force. It is mentioned here that if P = 0, the results reduce to the dust case. The
cosmological constant can slow down the collapse initially, but at later times the sphere’s
Self gravity dominates entirely and eventually pulls the sphere into the ﬁnal singularity.
An FRW model with Λ  = 0can be considered as a limiting case of dust shell model.
Therefore, the non-homogeneities are more important in earlier phases of the expansion
because they are represented by a term similar to the addition term in the expansion
law. The spherical N-shell model with an appropriate initial condition imitates the FRW
universe with Λ  = 0, quite well.
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